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Abstract

In any practical implementation of neural networks, weights have to be restricted to a finite set of
values. In current hardware implementations the number of such available values have to be very
small indeed, so they have to be taken explicitly into account at the design stage.

The paper presents and discusses some basic properties of modulo perceptrons which are neural
networks that explicitly take the limited size of possible weights into account. These networks are
a form of polynomial discriminators or high order, feed forward networks with positive integer
weights of limited magnitude. We illustrate the concept on a simple example, then we outline re-
sults concerning generation of such networks, in particular some conversion theorems from the
real to modulo weight case, and finally show that the structure allows very simple digital hard-
ware implementation.
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Introduction

In any practical implementation of neural network, weights have to be restricted to a finite sct of valucs. Although this
limitation is hardly noticeable in digital simulation, it becomes a critical issue when it comes to dedicated hardwarce
implementations, be they digital or analog [5]: the number of possible weight values has dircct impact on the size of
neural nctwork implemented on a single chip.

In this paper we discuss a class of modulo perceptrons (1,2} which are neural networks that explicitly take the limited
size of possible weights into account. The main innovation is in introduction of an extra step taking modulo of the fi-
nal sum bcfore imposing thresholds or performing some other processing. This simple trick allows, among other
things, unsigned digits of limited size as weights of links, and so eliminates the need for negative weights, which are
a nuisance in the case of analog hardware implementations.

In this paper we will introduce some background relating modulo perceptrons to some other concepts, before intro-
ducing them formally. We will then outline some results on the generation of such networks and discuss a simple cx-
ample. Subsequently digital hardware architecture will be presented followed by a brief discussion and conclusions.

Background

From the early days of artificial neural networks research, the potential advantages of high order networks (polynomi-
al classifiers) for dichotomization of pattern space were recognized {11). In the 1950's and 1960’s howcver, the high
order units were not used practically, mainly due to lack of efficient techniques to cope with the combinatorial cxplo-
sion in the number of high order terms. In the current wave of neural net activities, a number of rcsearchers have
turncd attention to high order networks again, motivated by a variety of reasons including increase in memory capac-
ity[13], capability of high order terms to embed prior knowledge about propertics of a domain of intercst [4], optical
implementation of associative memory[12], universal capability of structure to implement any predicate [10] and re-
cent availability of very eflicient training procedures based on empirical selection or even generation of uscful terms
(1,2,6,7]. The concepts of modulo perceptron and its particular case binary perceptron, which are natural adaptations
of single slab high order network to the case of a limited set of available weights, was studied in some of our earlicr
papers [1,2,7]. : .

Modulo perceptron

A high order unit is a combination y = S P(x) of a function S : R — R with a polynomial P : R* — R. Three partic-
ular cascs of high order units defined on a set X {0, 1} ” of binary vectors are of special interest (o us (we consider
a single output case here, for simplicity):

(i) A higher order unit with the step function non-linearity, S :=0 (¢) defincd as 1 for ¢ 2 0.5, and 0 other-
wise, will be called a mask-perceptron. We can write in this case:

y=f(x :=e<,zlwix’) (xe {0,1}", M
€

where L is a set of a-tuples i=(iy, ..., i,) € {0, 1} ", & = x/'1 ;2 ... x,/nand w; € R.
(ii) A mod(M)-perceptron M € { 2, 3,...}), or generically a modulo-perceptron, is defined as:
y = fy(®) :=9M(‘zlu‘x‘> (xe {0,1}™, @
€

where y; € (0, 1, ..., M-1} and 0,(¢) := 1 if 0.25 x M St mod M < 0.75 X M and 0 otherwise; modulo-per-
ceptrons for M = 2" are of special interest in this paper.
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Example of three high order networks with the same architecture implementing the same decision table. The
mod(8) pereeptron was obtained by rounding weights of the mask perceptron in 0.25 precision, and then apply-
ing conversion thcorem (ii). A number of large modulo perceptrons generated in this way was reported in [1,7).
The binary perceptron was generated differently by direct sclection of terms; paper (2] reports a number of large
binary perccptrons generated similarly. :

Figure 1

(iii) A binary-perceptron which is by definition mod(2)-perceptron. In this case u; € {0, 1}, and 6, becomes a
parity function, equal 0 if ¢ is even and 1 if it is odd.
The main advantage of mask perceptrons is their simplicity: masks x are logical conjunctions [10], so cvaluation of

N wl.x‘ is extremely easy to implement in hardware since it involves no multiplication. The implementation of mod-
iel )
ulo perceptrons and binary perceptrons, in particular, is even ¢asier: weights are unsigned integers of pre-determincd
maximal size or single bits, respectively. It is also worthwhile to add that there exist efficicnt algorithms for cmpirical
designs of such networks [6].

The following results give a sample of relations between mask perceptrons (Eq. 1) and modulo perceptrons (Eq.2).
(i)  Universality. Any dichotomy of X — (0, 1) can be implemented as a mod(M)-perceptron with prime M (a
binary-perceptron in particular).
(ii)  Conversion theorem. If the weights w; in (1) are rational numbers, i.c. w; = k; / M with integers k; , M
- (M>0), then the mask-perceptron f{x) defined by (1) and mod(2M)-perceplron fap(x) given by (2) with
weigths i; : = k; mod(2 M), provide identical results for every x such that -0.5< 3 wix's L.5.
iel

(iiiy Modulo prime expansion. Let M be a prime number (M = 2 in particular), and a, ¢ be real numbers such
that a+ (M-1)c/2<05<a+ (M+1)c2 and ¥ wr'e {a,a+c,..,a+ (M- 1)c} forevery x
iel

€ X. Then there exists a a mod(M)-perceptron (2) providing identical outputs as the mask-perceptron (1)
forevery x € X. .

An Implementation Architecture

The two sets of basic equations in Fig. 2 define two basic building blocks which can be used to implement a modulo -
perceptron. The implementation can be serial in which case it has a time complexity of O(np+pm). However itcan
also be casily implemented in parallel. This could be on a parallel computer such as the connection machine or direct-
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ly in a VLSI chip. A VLSI implementation is particularly simple and is the one discussed in this paper. The discus-
sion initially assumes that the weights will be stored in memory on the chip. This allows the network to be quickly
retrained. Later in the discussion some alternative ways of storing the weights and the benefits of these approaches
will be examined.

The architecture of a binary perceptron chip can consist of two rectangular blocks which are matrices of two types of
simple cells. The first one takes the inputs and calculates the values of the hidden units. The second block takes the
values of the hidden units and calculates the values of the outputs. This architecture is shown in Fig. 2a. The simple
cells each implement one pass of the two basic equations shown above. The hidden layer calculations shown in Fig. 2
arc obviously simple to implement as each of the terms and the result are binary values. The output layer calculations
are only a little more complex. This is because again all the values are binary and so the multiplication reduces to an
AND operation. The modulus operation is also simple because it just takes the least significant bit (in the binary
case). .

This architecture can be easily extended for mod(2™)-perceptrons. If this is the case then we can group output bits to-
gether to form a single multiple bit output. To do this we need to add the facility to selectively pass carry bits across
output bits. This is easily done with the addition of an AND gate.

The other requirement is a means to load the weights into the network. This can be done by adding column enables on
the input block and using the inputs to carry the weights. For the output block it can be done by adding row enables,
breaking the hidden unit lines in between the two blocks and using them to carry the weights. An extra line also necds
10 be added to the output units to indicate whether to pass the carry bit to the next output or not. This would be 0 for
the most significant bit of each output and 1 otherwise. Thus for binary outputs they would all be 0. Diagrams of the
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two basic types of cells which store weights in on chip memory are shown in Fig. 2.

These cells can be simplified considerably if less flexibility in reconfiguring the network is required. Two alternatives
are that the weights could be stored in EEPROM cells or they could be mask programmed at manufacture. EEPROM
cells allow the network to be reprogrammed but it would require removal of the chip and approximately an hour. The
use of EEPROM storage of weights should allow smaller cells and so more cells per chip. Mask programming
doesn’t allow any changes (o be made but conversely allows many more units on a chip. Using mask programming
allows the simplification of the input cells to a single transistor which will only be present if the input weight is 1.
This is in a structure very similar to that of the AND plane in a PLA (Programmable Logic Array [8]). It is however
simpler because the complement of the input is not needed. The output cells cannot be simplified as much as the input
cells. They will still need to contain an adder but the flip flop and the AND gates will be eliminated. It may secem that
a mask programmed network is not flexible enough to be useful in practice. This is not the case. If neural nctworks
are to be used in consumer equipment then most users will not be sophisticated enough to train the nctworks. Thus the
networks must come pre-trained or some form of training that is not visible to the user must be used.

Conclusions
In some situations, a single slab higher order network can be converted to a modulo perceptron (mod(M)-perceptron)
with bounded, positive integer values of link weights.

Mod(2™)-perceptrons are especially easy to implement in digital VLSI with currently available technologics.
Algorithms dedicated explicitly to generation of modulo perceptron should be investigated.
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